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RINGS SATISFYING ∗-PROPERTY
KU¨RS¸AT HAKAN ORAL, BAYRAM ALI ERSOY, AND U¨NSAL TEKIR
Abstract. In this paper we will investigate commutative rings which have the
∗-property. We say that a ring R satisfy ∗−property if for any family of ideals
{Iα}α∈S of R in which S is an index set, there exists a finite subset S′ of S
such that
√ ⋂
α∈S
Iα =
⋂
α∈S′
√
Iα. We will show that any integral domain which
satisfy ∗−property is a field. Furthermore, these rings are zero-dimensional.
After this we give relations between these rings and Artinian rings.
1. Introduction
Throughout this paper, R denotes a commutative ring with identity and the set
of all ideals of R is denoted by L (R).
M. Arapovic gives the following charecterization of imbeddibility of a ring into a
0-dimensional ring: A ring R is embeddable in a zero-dimensional ring if and only
if R has a family of primary ideals {Qλ}λ∈Λ such that, (A1)
⋂
λ∈Λ
Qλ = 0 and (A2)
For each a ∈ R, there is an n ∈ N such that for all λ ∈ Λ, if a ∈ √Qλ then an ∈ Qλ
[2, Theorem 7]. Jim Brewer and Fred Richman [3] give an equivalent condition for
the condition (A2) in their paper titled ”Subrings of zero-dimensional rings” and
characterize the condition (A2). A family {Qλ}λ∈Λ of ideals in a ring R satisfies
(A2) if and only if for each (countable) subset Γ ⊆ Λ,
√⋂
λ∈Γ
Qλ =
⋂
λ∈Γ
√
Qλ. With
this motivation if we work this equivalent condition, we see that some rings have
further from this property. For an example, if R is an Artinian ring then for any
subset {Iα}α∈S of L(R), √⋂
α∈S
Iα =
⋂
α∈S′
√
Iα
for some finite subset S′ of S [Corollary 1]. This equality is called ∗-property.
We call a ring R satisfying ∗-property if any family of ideals of the ring R satisfies
∗-property. After this we give the correspondence between such rings and Artinian
rings. Then if we use a result of the paper Subrings of zero-dimensional rings
by Jim Brewer and Fred Richman, we get that a ring satisfying ∗-property is a
zero-dimensional, in the sense of Krull dimension. Further we give an equivalent
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condition with rings satisfying ∗-property, Artinian rings, zero-dimensional rings
and pi-regular rings.
2. Rings satisfying ∗-property
Definition 1. Let R be a ring and S be an index set. If
√⋂
α∈S
Iα =
⋂
α∈S′
√
Iα
(for some finite subset S′of S)is satisfied for any arbitrary family {Iα}α∈S of ideals
of R, then R is said to satisfy ∗-property.
It is clear that every finite ring satisfies the ∗-property. For a counterexample it
is clear that the ring of integers does not satisfy ∗-property.
Theorem 1. If R satisfies the d.c.c. for radical ideals then R satisfies ∗-property.
Proof. Let {Iα}α∈∆ be a family of ideals of R. Now consider
√⋂
α∈∆
Iα for any
arbitrary family {Iα}α∈S of ideals of R and ∆ index set. Since R satisfies the
d.c.c for radical ideals,
√⋂
α∈∆
Iα =
√√√√ n⋂
i=1
Iαi =
n⋂
i=1
√
Iαi for some finite subset
{α1, α2, ..., αn} of ∆ where n is a positive integer. 
Corollary 1. Every Artinian ring satisfies ∗-property.
Theorem 2. Let R be an integral domain. If R satisfies ∗-property, then R is a
field.
Proof. Let I =
⋂
α∈S
Iα where Iα’s are all nonzero ideals of R for α ∈ S. Then
I 6= (0). Indeed, if I = (0), then
(0) =
√
I =
√⋂
α∈S
Iα
and since R is satisfying ∗-property we get
(0) =
√
I =
√⋂
α∈S
Iα =
⋂
βj∈S′
√
Iβj
where S′ = {β1, ..., βn} . Since all Iβj 6= (0), there exists 0 6= aβj ∈ Iβj for all
βj ∈ S′. Therefore,
0 6= a = aβ1aβ2 ...aβn ∈
⋂
βj∈S′
Iβj ⊂
⋂
βj∈S′
√
Iβj =
√
I
which is a contradiction. Thus I 6= (0). Choose a nonzero element x ∈ I. Since I
is the unique smallest non-zero ideal, we get that (x) = I = (x2). Thus x = rx2 for
some r ∈ R. This shows that x is a unit. Hence R is a field. 
Lemma 1. Let R be a ring satisfying ∗-property. Then every homomorphic image
of R satisfies ∗-property.
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Proof. Let f : R→ R′ be a surjective homomorphism, R is satisfying ∗ − property
and {I ′α}α∈S is an arbitrary family of ideals of R′. Then there exists a family of
ideals {Iα}α∈S such that f (Iα) = I ′α and ker(f) ⊆ Iα. Then we get,
√⋂
α∈S
I ′α =
√⋂
f
α∈S
(Iα) =
√√√√f
(⋂
α∈S
Iα
)
= f

√⋂
α∈S
Iα

 .
Since R satisfies ∗-property, there exists a finite subset S′ of S such that
√⋂
α∈S
Iα =
⋂
α∈S′
√
Iα. And so
√⋂
α∈S
I ′α = f
( ⋂
α∈S′
√
Iα
)
=
⋂
f
α∈S′
(√
Iα
)
=
⋂
α∈S′
(√
f (Iα)
)
=
⋂
α∈S′
√
I ′α.

Corollary 2. Let R be a ring satisfying ∗-property and I be an ideal of R. Then
R/I satisfies ∗-property.
Proposition 1. Let R and R′be rings satisfying ∗-property. Then R×R′ satisfies
∗-property.
Proof. It is clear. 
M. Arapovic, in his paper ”On the embedding of a commutative ring into a 0-
dimensional Commutative ring” gives the following charecterization of imbeddibility
of a ring into a 0-dimensional ring [2, Theorem 7].
Theorem 3. [2, Theorem 7] A ring R is embeddable in a zero-dimensional ring if
and only if R has a family of primary ideals {Qλ}λ∈Λ such that
A1.
⋂
λ∈Λ
Qλ = 0 and
A2. For each a ∈ R, there is n ∈ N such that for all λ ∈ Λ, if a ∈ √Qλ, then
an ∈ Qλ.
In the paper ”Subrings of zero-dimensional rings”, Jim Brewer and Fred Richman
give an equivalent condition for (A2 ) and characterize the condition [3, Theorem
2].
Theorem 4. [3, Theorem 2] A family {Qλ}λ∈Λ of ideals in a ring R satisfies (A2)
if and only if for each (countable) subset Γ ⊆ Λ
√⋂
λ∈Γ
Qλ =
⋂
λ∈Γ
√
Qλ .
Theorem 5. [3, Theorem 4] The following conditions on a ring R are equivalent:
(i) The ring R is zero dimensional,
(ii) Condition (A2) holds for the family of all ideals of R,
(iii) Condition (A2) holds for the family of all primary ideals of R.
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With this Theorem we give the following Proposition, which gives us that a ring
satisfying ∗-property satisfies the condition (A2). And so we get that every ring
satisfying ∗-property is a zero-dimensional ring.
Proposition 2. Let R be a ring satisfying ∗-property and {Qα}α∈S be a family of
ideals. Then {Qα}α∈S satisfies the (A2) condition.
Proof. By assumption for any countable subset T ⊆ S,√⋂
α∈T
Qα =
⋂
α∈T ′
√
Qα
for some finite subset T ′ of T . Then⋂
α∈T ′
√
Qα =
√⋂
α∈T
Qα ⊆
⋂
α∈T
√
Qα ⊆
⋂
α∈T ′
√
Qα
and so we get √⋂
α∈T
Qα =
⋂
α∈T
√
Qα.
Thus by Theorem 4 we get the result. 
Corollary 3. Every ring which satisfies ∗-property is zero-dimensional.
Proof. It follows from Proposition 2 and Theorem 5. 
Here we recall that a commutative ring with identity is called von Neumann
regular ring (VNR) if for all x ∈ R there exists y ∈ R such that x2y = x. Also we
give the following characterization of VNR which was given by R.Gilmer in [4].
Theorem 6. [4, Theorem 3.1] The following conditions are equivalent in a ring R:
(i) R is VNR,
(ii) R is zero-dimensional and reduced,
(iii) RP is a field for each P ∈ Spec(R),
(iv) Each ideal of R is a radical ideal,
(v) Each ideal of R is idempotent.
Corollary 4. Let R be a reduced ring. If R is satisfying ∗-property then R is VNR.
Proof. It follows from Corollory 3 and Theorem 6. 
Lemma 2. Let R be a ring satisfying ∗-property. Consider the following conditions:
(i) R is a VNR,
(ii) If
√
I =
√
J for some ideals I, J of R then I = J .
If one of the above conditions holds, then R is an Artinian ring.
Proof. Let R be a ring satisfying ∗-property and
I1 ⊇ I2 ⊇ I3 ⊇ ...
be a descending chain of ideals in R. Then we get
√⋂
α∈S
Iα =
n⋂
i=1
√
Iαi for some
finite subset S′ = {α1, ..., αn} of S, where Iα1 ⊇ ... ⊇ Iαn . And so√⋂
α∈S
Iα =
n⋂
i=1
√
Iαi =
√√√√ n⋂
i=1
Iαi =
√
Iαn .
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Thus by our hypothesis we get
⋂
α∈S
Iα = Iαn . The chain must stop. 
Recall that a commutative ring with identity R is called Laskerian if each ideal
of R is a finite intersection of primary ideals.
Theorem 7. Let R be a commutative ring with identity. If R is a Laskerian ring
then the following conditions are equivalent:
(i) R is a ring satisfying ∗-property,
(ii) For the family {Pλ}λ∈Λ of prime ideals of R we get
√⋂
λ∈Λ
Pλ =
⋂
λ∈Γ
Pλ for a
finite subset Γ of Λ .
Proof. (i)⇒(ii) It is clear.
(ii)⇒(i) Suppose that
√⋂
λ∈Λ
Pλ =
⋂
λ∈Γ
Pλ holds for a finite subset Γ of Λ. Let
{Iα}α∈∆ be a family of ideals of R. Since R is Laskerian, we have
√
Iα =
n⋂
i=1
Pα,i.
Thus we get
√⋂
α,i
Pα,i =
⋂
finite
√
Pα,i =
⋂
finite
Pα,i and so,
⋂
finite
√
Iα =
⋂
finite
Pα,i =
⋂
finite
√
Pα,i =
√⋂
α,i
Pα ⊆
√⋂
α
Iα. Since the converse inclusion holds always, we get
√⋂
α
Iα =
⋂
finite
√
Iα. Hence R satisfies ∗-property. 
Corollary 5. Let R be a Laskerian ring which satisfies ∗-property and S be a
multiplicatively closed subset of R. Then S−1R satisfies ∗-property.
Proof. Let {Pα} be a family of prime ideals of S−1R. Then there exists a family of
prime ideals {Pα} of R such that (Pα)e = Pα. And we have
⋂
(Pα)
e =
(⋂
Pα
)e
since Pα are prime ideals of R. Thus we get√⋂
λ∈Λ
Pλ =
√⋂
λ∈Λ
(Pλ)
e =
√√√√(⋂
λ∈Λ
Pλ
)e
=

√⋂
λ∈Λ
Pλ


e
=
(⋂
λ∈Γ
√
Pλ
)e
=
(⋂
λ∈Γ
Pλ
)e
=
⋂
λ∈Γ
(Pλ)
e
=
⋂
λ∈Γ
Pλ =
⋂
λ∈Γ
√
Pλ
for a finite subset Γ of Λ . Thus S−1R satisfies ∗-property. 
Now, if we let a Noetherian ring instead of Laskerian ring then we can give the
following theorem from the previous results. Before the main theorem we will recall
that a ring R is called pi-regular provided for all a ∈ R there exist a′ ∈ R, n ∈ N∗
such that an = (an)2 a′ . In his paper ”Characterization of the 0-dimensional rings”,
Arapovic has show that a ring is pi-regular if and only if the ring is zero dimensional
[1, Theorem 6].
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Theorem 8. Let R be a Noetherian ring. The following conditions are equivalent:
(i) R satisfies ∗-property,
(ii) R is zero-dimensional,
(iii) R is Artinian,
(iv) R is pi-regular,
(v) For the family {Pλ}λ∈Λ of prime ideals of R we get
√⋂
λ∈Λ
Pλ =
⋂
λ∈Γ
Pλ for a
finite subset Γ of Λ .
Proof. (i)⇒ (ii) follows from Corollary 3,
(ii)⇒ (iii) follows from [5, Proposition 8.38],
(iii)⇒ (i) follows from Corollary 1,
(ii)⇔ (iv) follows from [1, Theorem 6],
(i)⇔ (v) follows from Theorem 7. 
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